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1$M$ $n$ $\Delta$ $M$
. $D$ $M$
$L=-\Delta+V$ on $D$
$V$ $L_{1oc}^{p}(D)$ , $p> \max(\frac{n}{2} , 1)$ ,
$(L, D)$ subcritical $D$ $L$
$G$ :
subcritical $\Rightarrow$ $E_{L}(D)\equiv$ {$h;Lh=0,$ $h>0$ on $D$} $\neq\emptyset$
$W$ $D$ $W,$ $W^{-1}\in L_{1oc}^{\infty}(D)$
$W$ $L$ $L$
$L+W$ $T>0$
$(\partial_{t}+W^{-1}L)u=0$ in $Q=D\cross(0, T)$ (1.1)
$P(Q)$ $P(Q)$
2
1553 2007 59-65 59
[SP] (i.e., $W$ is a small perturbation of $L$ on $D$ )
$K\Subset D$
$\epsilon>0$
$\int_{D\backslash K}G(x, z)W(z)G(z,y)d\nu(z)\leq\epsilon G(x,y)$ , $x,y\in D\backslash K$ .
d\mbox{\boldmath $\nu$}( $M$
[SSP] (i.e., semismall perturbation) $\epsilon>0$ $K\Subset D$
$\int_{D\backslash K}G(x^{0}, z)W(z)G(z,y)d\nu(z)\leq\epsilon G(x^{0},y)$ , $y\in D\backslash K$,
$x^{0}\in D$
$h\in E_{L}(D)$
[N-h-B] ($i.e.,W$ is non-h-big) $v\in E_{L+W}(D)$ $0<v\leq h$
[h-B1 (i.e., h-big) $v$ $(L+W)v=0$ on $D$ $0\leq v\leq h$
$v\equiv 0$
Proposition 2.1 [SP] $\Rightarrow$ [SSP] $\Rightarrow$ [N-h-B] for any $h\in E_{L}(D)$
[SP] $\Rightarrow$ [SSP]
[SSP] $\Rightarrow$ [N-h-B] $\partial_{M}D_{L}$ $L$ $D$
$K(x, \xi)=\lim_{D\ni yarrow\xi}\frac{G(x,y)}{G(x^{0},y)}$ , $\xi\in\partial_{M}D_{L}$ ,
$(K(\cdot, \xi)\in E_{L}(D)$ ) [SSP] $C>0$
$\int_{D}G(x^{0}, z)W(z)G(z, y)d\nu(z)\leq CG(x^{0},y)$ , $y\in D$ .
Fatou
$/DG(x^{0}, z)W(z)K(z,\xi)d\nu(z)\leq C$ , $\xi\in\partial_{M}D_{L}$ .
Martin Fubini




Theorem 2.2 (i) [SSP] $\Rightarrow$ $\partial_{M}D_{L}$ $\partial_{M}D_{L+W}$ $\Phi$
(ii) [SP] $\Rightarrow$ $G$ $L+W$ $G_{L}+w$ comparable
$C>0$
$C^{-1}G(x,y)\leq G_{L+W}(x,y)\leq CG(x,y)$ , $x,y\in D$ .
$K(x, \xi)$ $L+W$ $K_{L+W}(x, \Phi(\xi))$ comparable
Proposition 2.3 $[K(x, \xi)- B]$ $\Rightarrow$ $\lim_{D\ni yarrow\xi}G_{L+W}(x, y)/G(x^{0}, y)=0$
Example 2.4 $L=-\triangle$ on $D=\mathbb{R}^{n},$ $n\geq 3,$ $W(x)=(1+|x|^{2})^{\alpha/2},$ $\alpha\in \mathbb{R}$
[SP] $\Leftrightarrow$ [SSP] $\Leftrightarrow$ [N-h-B] for any $h\in E_{L}(D)$
$\Leftrightarrow$ $\alpha<-2$ .
$E_{L}(D)=$ {positive constant functions}.
3 $P(Q)\emptyset F_{\grave{L}^{D}}^{g}$
: (1.1)
$(\partial_{t}+W^{-1}L)u=0$ in $Q=D\cross(O, T)$ , $u(x, 0)=0$ on $D$ (3.1)
[UP] (i.e., uniqueness for the positive Cauchy problem)
[UP] $u$ (3.1) $u\equiv 0$ in $Q$
[NUP] (3.1) $u\not\equiv O$
Theorem 3.1 ([2]) (i) [UP] $\Rightarrow$ $u\in P(Q)$ $D$ Borel
$\mu$
$u(x,t)= \int_{D}p(x,y,t)d\mu(y)$ , $x\in D,$ $0<t<T$,
$p$ (1.1) $Wd\nu$
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(ii) [NUP] $\Rightarrow$ $u\in P(Q)$ $D$ Borel $\mu$
$v\in P^{0}(Q)\equiv$ {$v\in P(Q);v$ (3.1) }




$\int_{D}(\langle\nabla u,\nabla v\rangle+Vuv)d\nu$ , $u,v\in C_{0}^{\infty}(D)$
$L^{2}(D;Wd\nu)$ $\sigma$
$\lambda_{0}=$ $inf\sigma$ $<W^{-1}L>D$ $L$
subcritical $\lambda_{0}>0$ $\phi_{0}$ $\lambda_{0}$
[IU] $t>0$ $C_{t}>0$
$p(x,y,t)\leq C_{t}\phi_{0}(x)\phi_{0}(y)$ , $x,y\in D$ .
[IU] $P^{0}(Q)$ ([9])
Proposition 3.2 [IU] $\Rightarrow$ [NUP]
$D$ $\{y_{j}\}_{j=1}^{\infty}\subset D$
$u_{j}(x,t)=p(x,y_{j},t)/\phi_{0}(y_{j})$
Harnack $\{u_{j(k)}\}_{k=1}^{\infty}$ $u\in P^{0}(Q)$
$u_{j(k)}$ $u\iota^{\vee}.D\cross[0, T$ ) - [IU]
$c_{t}>0$
$c_{t}\phi_{0}(x)\phi_{0}(y)\leq p(x,y,t)$ , $x,y\in D$
$u(x, t)>0((x, t)\in Q)$
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Theorem 3.3 [IU] $\Rightarrow$ $v\in P^{0}(Q)$ $\partial_{M}D_{L}\cross[0, T$ )
$\lambda$ :
$\lambda$ is supported by the set $\partial_{m}D_{L}\cross[0, T$ ),
$v(x,t)= \int_{\partial_{kI}D_{L}\cross\iota 0,t)}q(x,\xi,t-s)d\lambda(\xi, s)$ , $(x,t)\in Q$ .
$\partial_{m}D_{L}$ $D$
$q(x, \xi,\tau)=\lim_{D\ni yarrow\xi}p(x,y,\tau)/\phi_{0}(y)$ .
( [14] Theorem 1.2 )
Choquet
ExamPle 3.4 $W(x)\equiv 1$ , $\alpha\in R$ , $L=-\Delta+(1+|x|^{2})^{\alpha/2}$ on $D=R^{n}$
(i) [IU] $\Leftrightarrow$ [NUP] $\Leftrightarrow$ $\alpha>2$ .
(ii) $\alpha>-2$ $\Rightarrow$ $\partial_{M}D_{L}=\partial_{m}D_{L}=\infty S^{n-1}$ (the sphere at infinity)
$\alpha\leq-2$ $\Rightarrow$ $\partial_{M}D_{L}=\partial_{m}D_{L}=\{\infty\}$ (the point at infinity)
4
Theorem 4.1 $h\in E_{L}(D)$
[N-h-B] $\Rightarrow$ $v\in P^{0}(Q)$
$0<v(x, t)\leq h(x)$ , $t>0,$ $x\in D$ .
Corollary 4.2 $h\in E_{L}(D)$ [N-h-B] $\Rightarrow$ [NUP]
Theorem 4.3 [IU] $\Rightarrow$ [SP]
[IU] $\Rightarrow$ [SP] $\Rightarrow$ [SSP]
$\Rightarrow$ $h\in E_{L}(D)$ [N-h-B]
$\Rightarrow$ $h\in E_{L}(D)$ [N-h-B]
$\Rightarrow$ [NUP]
[UP] $\Rightarrow$ $h\in E_{L}(D)$ [h-B]
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$/\backslash \backslash \neq$ 1. [IU] [5], [4], [3]
2. [$SP|$ [15], [1], [16]
3. [SSP] [10], [11]
4. [UP] [NUP] [7], [12], [13] $\circ$
5. [8], [11]
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